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Abstract 

In this paper we consider compactifications of heterotic strings in the presence of 
background flux. The background metric is a fibration over a K3 base times four- 
dimensional Minkowski space. Depending on the choice of three-form flux different 
amounts of supersymmetry are preserved (N=2,l,0). For supersymmetric solutions 
unbroken space-time supersymmetry determines all background fields except one scalar 
function which is related to the dilaton. The heterotic Bianchi identity gives rise to a 
differential equation for the dilaton which we discuss in detail for solutions preserving 
an N=2 supersymmetry. In this case the differential equation is of Laplace type and 
clS cl result the solvability is guaranteed. 
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1 Introduction 



In this paper we study different aspects of string theory compactifications in the pres- 
ence of background ffux. Our main focus is the heterotic string compactified to four 
dimensions with background NS three-form Ti. Compactifications of heterotic strings 
are interesting, both from the phenomenological and from the mathematical point of 
view. In general, unbroken supersymmetry requires the background in a compactitifi- 
cation of the heterotic string to be a complex space with an hermitian metric but does 
not require the space to be Kahler. If the background is non-Kahler the NS three- 
form is non-vanishing and the deviation from "Kahlerity" is measured by the flux. On 
these spaces there exists a globally defined two-form J which is no longer closed. Its 
derivative is rather related to the flux by P [2] 



While the Kahler case, like Calabi-Yau and torus compactifications, have been inten- 
sively studied much less is known about the generic case in which the compactification 
manifold is no longer Kahler. From the mathematical point of view algebraic geometry 
techniques are still missing even though some progress has been made in describing 
these spaces with an explicit metric [3]. 

We will consider torsional heterotic backgrounds which are a fibered over a K3 
base. Depending on the choice of flux different amounts of four-dimensional super- 
symmetry are preserved. While solutions preserving an N=2,l supersymmetry have 
been discussed before in the literature, starting with ref.[l] (see in particular [5] [6]), the 
supersymmetry breaking solutions are new. We explicitly check that the backgrounds 
solve the equations of motion. For solutions preserving an N=1,0 supersymmetry we 
check this at the SUGRA level. While for solutions preserving an N=2 supersymmetry 
we show how to solve the equations of motion including the first a' correction. The 
spinor equations determine the background except one scalar function related to the 
dilaton. The Bianchi identity for Ti gives rise to a differential equation for this scalar 
function which is of Laplace type. 

We start by discussing, and mostly reviewing, flux compactifications of type IIB 
string theory on K3xT^ orientifolds (see for example refs.[l][7][5]). Depending on the 
choice of flux the solutions preserve an N=2,l,0 supersymmetry in four dimensions. The 
backgrounds solve the equations of motion and in the supersymmetric case the spinor 
equations. We check this to the leading order in a', i.e. in the SUGRA approximation. 



n = i{d-d)J. 
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This type IIB background is dual to an heterotic SUGRA background with non- 
vanishing 7i-flux and non-trivial dilaton. The duality chain has been described explic- 
itly in ref. [1] based on earlier work by Sen [9][l0]. The heterotic background metric 
is a T^ fibred over a K3 base. We are interested in analyzing a' corrections to the 
heterotic SUGRA background. Even though the heterotic and type IIB backgrounds 
are related by duality we will not use duality to obtain the a' corrected heterotic 
background. Rather we will follow a different route and construct the a' corrected 
background directly on the heterotic side. The reason being that the present knowl- 
edge about the relevant interactions on the world- volume of Dp-branes and 0-planes is 
insufficient. So for example, the anomalous couplings described in refs. pTj [12] p!3] p!l] 
[15] [16] [17] are not compatible with T-duality and additional dependence on NS-NS 
and R-R fields are required to obtain world-volume actions compatible with T-duality. 
On the heterotic side, on the other hand, the action and supersymmetry transforma- 
tions are known to all relevant orders. The low-energy effective action of the heterotic 
string to 0(a'^) has been constructed by Bergshoeff and de Roo by supersymmetrizing 
the Chern-Simons term [21]. Our goal is to construct the background which solves the 
a' corrected equations of motion. 

The duality between type IIB and heterotic flux backgrounds can be explicitly 
checked at the level of SUGRA but beyond leading order the duality map makes 
predictions about higher derivative corrections to the world-volume action describ- 
ing Dp-branes in type IIB theories. Thus, duality, while not being fundamental to 
construct heterotic flux backgrounds, can be used as a tool to learn about Dp-brane 
effective actions. Furthermore duality to type IIB allows us to speculate about the 
effect of fluxes on four-dimensional phenomenology arising from heterotic strings in 
generic backgrounds. So for example, the non-trivial heterotic dilaton proflle plays a 
role similar to the warp factor in type IIB compactiflcations and in regions with strong 
warping could give rise to large hierarchies. 

In section 2 we present the type IIB flux backgrounds. To set up our notation 
we review the low-energy effective 'action' in section 2.1 and derive the equations of 
motion of type IIB SUGRA in section 2.2. In section 2.3 we present the background 
which solves the equations of motion of type IIB SUGRA and check the amount of 
four- dimensional supersymmetry preserved by the different backgrounds in section 2.4. 
Taking the type IIB background as a starting point we proceed in section 3 to con- 
struct the heterotic flux background. To set up the notation we review in section 3.1 
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the heterotic effective action to O(a') and in section 3.2 we derive the correspond- 
ing equations of motion. In section 3.3 we present the background and show that 
it solves the SUGRA equations of motion. In section 4 we discuss the a' corrected 
background. We start by presenting explicit results for tr(i? A R) which are needed to 
solve the Bianchi identity and Einstein equation. In section 4.1 we review the proof 
that tr(i? A i?) is a four-form of type (2,2) to leading order in a', a condition which is 
needed for the solvability of the Bianchi identity. In section 4.3, focusing on solutions 
with N=2 supersymmetry, we show how to construct the background which solves the 
a' corrected Bianchi identity and supersymmetry transformations. 

2 Type IIB SUGRA background 

In this section we review type IIB flux backgrounds in which the space-time metric is 
a warped product of fiat 4d Minkowski space and a K3xT^ orientifold (see refs. [1] [7| [S] 
[23] [23]). To set up the notation we start summarizing our conventions for the type IIB 
SUGRA 'action' together with the corresponding equations of motion. Then we sum- 
marize the solutions preserving different amounts of four-dimensional supersymmetry. 
The analysis is done at the level of SUGRA, i.e. without taking actions describing 
brane sources into account. 

2.1 The action 

The bosonic part of the type IIB supergravity 'action' in the lOd string frame is 

•S* = 5'ns + 'S'r + 'S'cs- (2-1) 

Here S'ns is 

1 /• r .1 J 

(2.2) 



5ns = 7^ / Av/^e-^^B 



i? + 4(90B)'-^|i^3r 



2k^ 

while the parts of the action describing the massless R-R sector fields are given by 

Sr = -^ [ d^'xV^g ( \F,\' + + 1\fA , (2.3) 



4^2 J V y , 2 

5cs = A /" C^^H.AFs. (2.4) 



In these formulas Fn+i = dCn, H3 = dB2 and 



Fs = Fs-CoHs (2.5) 
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F^~]^C2^H^ + \B2^F■,. (2.6) 



2.2 Equations of motion 

The equations of motion are as follows 



d-kFl = -kF^^ H3, 

d^F, = F,AH3, (2.7) 
d^F5 = -F^AHs, 



from tlie R-R fields, and 



i?-4(50B)' + 4V20B-^|^^3r=O, 

in the NS-NS sector. The variation of the action with respect to the metric leads to 
Gmn + e'^- {gMNV'e-'f- - VmV^vc-^^-) = - ^^^'Jmn ^"^"^ ^ (2-9) 

where Gmn is the Einstein tensor and 5*1011801 is the action for all the tensor fields in- 
cluding the dilaton. The left hand side arises from the variation of the Einstein-Hilbert 
action with the dilaton contribution arising from the non-canonically normalized cur- 
vature term. 

Moreover, the tensor fields satisfy the Bianchi identities 

dH3 = 0, 
dFi = 0, 

(2.10) 

dF3 = H3AFu 
dF^ = i/3 A F3. 

2.3 The SUGRA background 

We are interested in a solution of the lOd equations of motion in which the space- 
time contains four non-compact dimensions and six compact dimension. We require 
maximal symmetry in the non-compact dimensions which means all tensor fields except 
F5 have components along the internal directions only, while F5 is required to take the 
form 

F5 = (1 -k)da{y) A dx^ A dx^ A dx^ A dx^, (2.11) 
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where x, y denote the 4d and 6d coordinates respectively. 

Moreover, we would like to consider a background which arises as the orientifold 
limit of a flux background of M-theory compactifled on K3xK3. In this case the RR 
axion vanishes and the type IIB dilaton 0b is constant. The space-time metric is of 
the form 

ds^ = e^^^y'^+'''^/\^dx^dx'' + e-2^(2^)+*B/2 (^g.-dy'dy^ + dwl + dvof) , (2. 12) 

where Qij is the metric of K3 and the factor involving the dilaton arises since this is 
the metric in the lOd string frame and e"^"^*-^-' is the warp factor depending on the 
coordinates of the internal space only. The function a in (12.1 ip is related to the warp 
factor according to 

a{y) = e^^^y\ (2.13) 

The complex three-form = — ie~'^'^H^ is imaginary self-dual in the internal 
dimensions, i.e. 

^Gs = zGs. (2.14) 
Moreover, the warp factor satisfles the Poisson equation 

y2g-4A(y) ^ e-'^^lH^l^ = 0. (2.15) 

Away from the orientifold points this is a solution of the equations of motion as can 
be explicitly verifled. 

Note that the three-form tensor flelds H^, and are harmonic forms on the internal 
part of the space (12.121) . It turns out that the Hodge numbers of K3 are 

/lO'O 1 

/i^'O /^O'l 

/,2,o ^1,1 ^0,2 = 1 20 1 (2.16) 

/l^'l 

h^'^ 1 

and in particular there are no harmonic one-forms or three-forms on K3. As a result 
H^, and F^ have to be the product of harmonic two-forms on K3, which we will denote 
by (/i3)i and (/s)^ and a one-form in the flber directions, dw\ i.e. 

Hs = {h)iAdw' and F3 = (/s). A rf< i = l,2, (2.17) 
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where ~ Wj + 1 and 

{f3)^, {h).eH\K3,^). (2.18) 

Moreover, the condition that G3 is imaginary self-dual requires the complex three-form 
to be 

Gs = g+ A dw + A dw, (2.19) 

where 

dw = dwi + idw2, (2.20) 
and g± can be expanded in (anti)-self dual harmonic two-forms on K3 

g+ G H'^'\K3) © if°'2(A'3) © hI:\K3) and g^ G H]:\K3). (2.21) 

There are 3 self-dual two-forms and 19 anti-self dual two-forms which are of type (1, 1) 
and primitive. In the following we will see that the different solutions of the equations 
of motion preserve different amounts of supersymmetry. In particular, the amount of 
unbroken supersymmetry will depend on the choices of two-forms on K3. 

2.4 Supersymmetry 

Let us represent the dilatino and gravitino fields by Weyl spinors A and respectively. 
Similarly, the infinitesimal supersymmetry parameter is represented by a Weyl spinor 
e. The supersymmetry transformations of the fermi fields of type IIB supergravity (to 
leading order in fermi fields) are 

= ^ (#B - te^^^Co) e + \ (ze<^«f3 - ^3) e\ (2.22) 

and 

= {vm + ^e^Bfi Vm + ^e^"^5 Tm) e - ^ (2(^3)a/ + le^^f^ Vm) e\ (2.23) 

Upon reducing to 4d the Lorentz algebra decomposes according to 50(9, 1) — >■ 
5*0(3, 1) X 50(6). The Weyl spinor e then decomposes as 

16 ^ (2,4) + (2', 4'). (2.24) 

Under the further decomposition 5*0(6) 5*0(4) x 5*0(2) 

4 ^ (2, 1) + (2', 1') 

^ ' ^ ' (2.25) 
4' ^ (2, 1') + (2', 1) 



7 



The holonomy of K3 is SU(2) and under the reduction 5*0(4) — > SU{2) 

2^1 + 1 

(2.26) 

2' ^ 2. 

This means that either 4 or 4' of 5*0(6) gives rise to two SU{2) singlets leading to an 
N=4 supersymmetry in 4d. 

Next we analyze the constraints imposed by the orientifold projection Z2 = 
Q{—1)^^X. Writing e = ei + 162 the different parity transformations act according 
to 

e = ei + ie2 62 + isi > -62 + isi — > zr^(-e2 + ^^i), (2.27) 

where F^, is the chirality operator of 50(2). Combining these operations and requiring 
the spinor to be left invariant by the orientifold action imposes 

e = -T^e. (2.28) 

Before we proceed, lets determine how the spinor projection relates to the one in 
the type I string. After two T-dualities on torus, the left moving spinor Si is unaffected, 
however the right moving spinor 62, transforms as 

€2 r^r^ea, (2.29) 
from which we get the transformation of Eq. fl2.28p . 

(l+r,)(£i-£2) =0 (2.30) 

Because the gamma matrix is pure imaginary in our representation, this condition 
leads to ei = 62, the spinor that survives the world sheet projection of type IIB string, 
i.e. type I string. This is an alternative way to see how type I string emerges after 
performing T-dualities of type IIB orientifold. 

Eqn.( l2.28|) means that spinor has a definite chirality on the torus, which we choose 
to be 1 in eqn. fl2.25p . while 1' is projected out. As a result the SU{2) singlets which 
are not projected out by the orientifold arise from the 4 in eqn. (12.251) . The orientifold 
breaks the 4d supersymmetry from N=4 to N=2. Moreover, the two 4d spinors are in 
the 2 of 50(3, 1) so have the same chirality. We denote the resulting spinors by rji, 
and by an 50(4) transformation we can choose them to satisfy 

r^r/i = r^?7i = and 1^772 = Twr]2 = 0, (2.31) 
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where {y^,y^) and {w,w) are complex coordinates on K3 and the torus respectively. 

Using these super symmetry transformations the unbroken supersymmetries are 
those that satisfy (5(fermi) = 0. Evaluated in the background metric (12.121) . using 
the relation between the warp factor A{y) and a{y) and the fact that the spinors have 
definite 4d chirality the supersymmetry conditions become 

V, {e-^/'e) = 0, (2.32) 

which is satisfied with a spinor proportional to the covariantly constant spinors on 
K3xT2 and 

Gme* = and Ge = 0. (2.33) 

Next we solve the constraints (12.331) and we will check that depending on the choice 
of flux different amounts of supersymmetry are preserved. Lets analyze the amount of 
unbroken supersymmetry 

> a G = Q- A dw, then 

Gwi]^ '^Vk ~ ^iw]^ '^Vk ~ ^]iw^ Vk ~ ^wi]^ Ik = 0, (2.34) 

for k = 1,2. This is solved by requiring G to be primitive with respect to the 
base, i.e. 

G^^cfi = 0, (2.35) 

while both spinors rj^ for k = 1,2 are non- vanishing. Since are expanded in a 
basis of anti-self dual (1,1) forms eqn. (I2.35P is always satisfied. This leads to an 
N=2 supersymmetry in 4d. 

> if G = (7+° A dw, eqn. (12.331) requires 

G^,jr^V2 = 0, (2.36) 

which is solved by 772 = 0, while the conditions on rji are 

G^,,r'r]t = G„-,,r'^^r/* = G^j^V'^r],. (2.37) 

These conditions are always satisfied which implies that the 4d supersymmetry 
arising from rji is unbroken. This flux configuration leads to an N=l supersym- 
metry in 4d. 
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\> a G = g^jf' A dw, eqn. (12.331) requires 

GwTj^ '^Vk ~ ^iwj^ '^Vk ~ ^jiw^ Vk ~ ^wij^ Vk = 0, (2.38) 

for k = 1,2. These conditions are solved by requiring 771 = while 772 7^ 
and as a result there is an N=l' unbroken supersymmetry in 4d. We label 
this supersymmetry with N=l' since it preserves a different subgroup of the 
supersymmetry than the Gu,ij component. 

> if G = g^^ A dw, eqn. (12.331) requires r/i = 772 = and supersymmetry is 
completely broken. 



3 Heterotic SUGRA background 

In this section we analyze the heterotic flux backgrounds. To set up the notation we 
review the heterotic low-energy effective action to 0(a'^) in section 3.1. In section 3.2 
we summarize the equations of motion. In section 3.3 we present the backgrounds solv- 
ing the SUGRA equations to leading order in a'. In section 3.4 we analyze the amount 
of unbroken four-dimensional supersymmetry. This section is confined to solutions 
solving the SUGRA equations to leading order in a' and the corrected background is 
discussed in section 4. 



3.1 The action 



The bosonic part of the heterotic supergravity action to 0(a'^) in the lOd string frame 
is [18] [191 ED] ED 122] 



Shet 



1 

2^ 



d^^xy/^e 



1 



a 



R + 4(90h)' - ^\n\'' - ^tr(J^2 - R^ 



where 



a 



n = dB+ — 



(3.1) 



(3.2) 



is the NS three-form and JF = dA + ^ A ^ is the gauge field strength. Moreover, 
UJ3 = uji^ — ujym is given in terms of the Lorentz and Yang-Mills Chern-Simons three- 
forms 

cul = tr ( f]+ A dQ+ + An+An+] and Uyu = tr ( ^ A + A ^ A ^ ) . 



(3.3) 
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The contribution to the action which is quadratic in the Riemann tensor is 

tiRl = ^RMNAB{n^)R''''^''{n+), (3.4) 

while the quadratic term in JF is the standard gauge field kinetic term. Note that 
the Einstein-Hilbert action is formulated in terms of the spin connection while the 
quadratic term in the Riemann tensor is expressed in terms of a connection involving 
the NS three-form which explicitly is defined by 

= ^^""m ± ln^%. (3.5) 

Also, we will follow ref. [21] according to which the action involves the fi+ connection 
while the supersymmetry transformations involve the Q- connection. The supersym- 
metry tranformations will be described in more detail below. 

3.2 Equations of motion 

The equations of motion arising from the action presented in the previous section are 

> for the dilaton 

1 fy' 

R - 4(V0h)' + 4VVh - 2 1^1' - - ^+) = 0' (3-6) 

> for B 

d{e-^^^ *io n) = 0, (3.7) 



> for the metric 



RmN + 2VMVAr0h — -^H.mPqHn^^ + 

a' 

-^[RmPQr{^+)Rn^^^{^+) — ^MP^N^] = 0, 



> for the Yang-Mills field 

g20h^(^g-20h J^) + AA MoJ^ - MoJ^ AA + J^A MoH = 0. (3.9) 

The Bianchi identities are 
a' 

dn = —[ti{R+ A R+) - tr{J^ A J^)] and dj^ +[A,T] = 0. (3.10) 
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3.3 The SUGRA background 

In the foUowing, we present the background that solves the SUGRA equations of motion 
to leading order in a' (see ref . [1] [5] [6] for supersymmetric backgrounds). As we will see 
non-trivial solutions of the Bianchi identity exist only for non-compact backgrounds. 
This conclusion is modified once a! corrections are taken into account. 
The background metric is 

c^sL = Vi^udx^dx'^ + e-^^^y'^Qijdy'dy^ + E^^E^^ + E.^^E^^, (3.11) 

where 

Eyj^ = dwi + Bi^^dy' and Ey,^ = dw2 + Bi^^dy\ (3.12) 

and By^^ = Bi^^dy^, for k = 1,2 are one- forms on the base. These one- forms are 
constrained by the condition that 

Hy,-^ = dBjy,^dy^ and H^,^ = dBj^j^dy^ , (3.13) 

are harmonic non-trivial two-forms on K3. Note that E^j^^ have to be globally defined 
since otherwise the metric is not be globally defined. As a result on the 6d space 
Hwk = dEwi, become exact even though these forms are non-trivial on K3. We will 
expand H^j^, in harmonic non-trivial two-forms on K3. Depending on the choice of flux 
different amounts of 4d supersymmetry will preserved as we will see in the next section. 
The three-form is 

n = e^^^ *6 d [e-'^^^E'"^ A E""^) = i.^de-'^^^y^ - i^bH^, A E""^ - ^^i/^^ A (3.14) 

where T*rg denotes the Hodge dual with respect to the 6d internal space and -kf, denotes 
the Hodge dual with respect to the unwarped base. 
The dilaton is given by 

0h = -2Aiy). (3.15) 

The Yang-Mills field is assumed to be a two-form on K3 only and to satisfy the 
hermitian Yang-Mills equations, i.e. 

Tfjf^ = and J^ij =J^-j = 0. (3.16) 

Here J is the Kahler form of K3. 
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Moreover, A{y) is a scalar function depending on the coordinates of the base only. 
To leading order it is required to solve the differential equation 

y2g-4Afo)^ I H^^ p + I H^^ |2= 0. (3.17) 

Next we show that this background satisfies the equations of motion to leading 
order in a'. The equation of motion of B is satisfied since fl3.14p implies 

n = -e^'t'^^d [e-^^^E""' A E""') A dx°^^\ (3.18) 

The equation of motion for the metric has several components 

(/^, '^), ihj), {w2,i), {wi,W2). (3.19) 

The component, with two indices on K3, is satisfied assuming A{y) solves fl3.17p . 
Moreover, it is easy to see that all other components vanish to this order in a'. 

Next we consider the dilaton equation of motion. Using the metric (13. lip to com- 
pute the scalar curvature R, the dilaton equation of motion is solved assuming A[y) 
solves eqn. (I3.17p . On the other hand the Bianchi identity leads to 

dn = - (v2e-^^(^)+ I H^, p + I H^, p) ^,1 = 0, (3.20) 

which again is solved after imposing eqn. fl3 . 1 7p 

Note that eqn. fl3.17p only has non-trivial solutions if the internal space is non- 
compact. Below we will describe in detail how to construct compact solutions by going 
beyond the leading order in a'. 

3.4 Supersymmetry 

Next let us analyze the supersymmetry of the solutions of the equation of motion. The 
supersymmetry transformations leaving the lOd heterotic string frame effective action 
invariant are 

1 

dX =0(j)he - -Tfle, 
Sx = 2fe, 

where \E'm is the gravitino, A the dilatino and x the gaugino. All spinors are Majorana- 
Weyl. The covariant derivative of a spinor is defined according to 

Vmc = due + ^n^'^MTABS, (3.21) 
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where Q is the spin connection. Note that the gravitino variation can then be written 
in the form 



1 
4 

where 



S^M = due + -n^^'j^jTABS, (3.22) 



^±^M = M ± o^'^^M- (3-23) 



2 

Exphcitly the components of the spin connection are 



O^, =2 [9Me, - 9feAe" T {HdA)\^e'] + 

Note the sign differences between the first two components of the spin connection 
and the last one. These sign differences will play a crucial role in the supersymmetry 
analysis. 

Under the decomposition 50(9, 1) 5*0(3, 1) x 5*0(6) a lOd Weyl spinor decom- 
poses as 16 (2, 4) + (2', 4'). Imposing the Majorana condition we set 

e = C ® ^ + C ® ^^ (3.25) 

where C ® ^ transforms as (2,4). Since the complex conjugate is not an independent 
spinor each 6d Weyl spinor gives rise to one minimal 4d supersymmetry. 

Lets solve the supersymmetry constraints. The gravitino condition with the index 
in the external space-time is satisfied if the spinor does not depend on the coordi- 
nates of the external space-time. Projecting onto spinors with definite 4d chirality the 
supersymmetry conditions become 

which are equations constraining the 6d spinor rj. To solve this supersymmetry condi- 
tions the spinor 7] has to satisfy 

d^^r] = and 0^7] + ^u'^'aabV = 0, (3.26) 
14 



i.e. ?7 is a covariantly constant spinor on the base. We denote the two covariantly 
constant spinors of K3 hj rj^, k = 1,2. Moreover, we require 77^ to solve 

{H^, + HH^,)abl'""'Tlk + {Hu,, + ^bH^,)abl'""'r]k = 0, 
which after introducing complex coordinates w = Wi + iw2, so that 

Hw = -^{Hw^ — iH^^) and = -{H^^ + iHy,^), (3.28) 

take the form 

[(l-^,)i7^]„,7% = 0, 

[(l-^,)i7^],,7'^V = 0, (3.29) 

[(1 + ^b)H^]abl'"''Vk + [(1 + ^b)H^]abl''''Vk = 0. 

Note that the contributions involving the warp factor arising from the spin con- 
nection components ^2^*^ and contributing to the component of the gravitino variation 
along the base cancel since the two spinors r]k have positive chirality on the base i.e. 

- 'Ii23iilk = Vk k = l,2. (3.30) 

Now depending on the choice of flux different amounts of supersymmetry are pre- 
served [6]. The different cases are 

> if Hw is proportional to an anti-self dual (1,1) form on the K3 base, the conditions 
f l3.29p are satisfied for both spinors 77^, k = 1,2. An N=2 supersymmetry is 
preserved in 4d. Indeed, the third condition is trivially satisfied and the first 
two conditions are satisfied since the anti-self dual (1,1) forms are primitive with 
respect to the base. 

> if is proportional to the self-dual (0,2) form on the base the supersymmetry 
generated by rji is preserved while 772 = 0. There is an N=l unbroken supersym- 
metry in 4d. 

> if Hw is proportional to the self-dual (2,0) form on the base the supersymmetry 
generated by 772 is unbroken while r/i = 0. There is an N=l' unbroken supersym- 
metry in 4d. 

> if Hw is proportional to the self-dual (1,1) form on the base (I3.29p requires the 
two spinors to vanish. So N=0 in 4d. 
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4 The a' corrected torsional heterotic geometry 

In this section we will consider a' corrections to the torsional heterotic geometries. We 
will see that these a' corrections to the background are required since otherwise the 
a' corrected equations of motion are not satisfied. Once the background is corrected 
in a' compact solutions become possible. As a first step to solve the Bianchi identity 
we need to compute tr(i?_|_ A -R+), which appears on the right hand side of the Bianchi 
identity. 

4.1 tr(i2+Ai?+) 

In general, the curvature two-form is defined by 

R^B = dn^B + ^^c A n^B, (4.1) 

for some connection Q. According to Bergshoeff and de Roo [21] the connection used 
in the supersymmtry transformations is while in the Bianchi identity the con- 
nection is used. The connection coefficients are 

2 (4.2) 

where, the last term involves a sum over k = 1,2. We denote with E"" the vielbeine of 
the warped base while e"" are those of the unwarped K3. Moreover, 

aab = 2 [daAcb - dbAca - i^bdAjabce"] . (4.3) 
Note that aab is self-dual in its indices, i.e. it satisfies 

(Jab = ^eabcd(r'"^- (4.4) 

We are denoting the spin connection coefficients and curvature two-form of the K3 base 
by uj°'b and r";,. 

Before describing in detail the results for the curvature two-form and tr(/2+ A R+), 
where R+ is computed with respect to the connection, we will first establish that 
the curvature two-form of the torsional space is of type (1,1) to leading order in a' 
if computed with respect to the ^2+ connection. This implies that tr(i?+ A R+) is a 
(2,2) form which is a necessary condition for the Bianchi identity to admit a non- 
trivial solution. Indeed, up to terms of 0(q;'^) unbroken supersymmetry requires the 
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flux and the fundamental (1,1) form to be related according io Ti = i{d — d)J . As a 
result dTi = —2iddJ is a (2,2) form. This is the left hand side of the Bianchi identity. 
The right hand side of the Bianchi identity is tr(i?4. A R+), which is required to be a 
four-form of type (2,2) since otherwise the background is over-constrained. 
Here we follow the presentation of ref. [29]. By definition 

M ~ M ^ 2 ^ 

which implies that the connection in the coordinate basis is modified to 

KiK = G'\Etd,E^ + fif ,i?^i?|) = r/,, - \nn/. (4.6) 

By definition 

T/a' = 2^"^^ {digNK + dKQNi - OnQik) ■ (4.7) 
Supersymmtry requires Ti. to be related to the derivative of the metric according to 

T^MNP = -dhigNP + ^nQmp-, (4-8) 

and the complex conjugate. Here we have introduced complex coordinates. Using the 
fact that the metric of the torsional space is hermitian eqn. (14. 7p implies that the 
non-vanishing connection coefficients are 

r^,^ = g'^djg^i^ and V'^jj^ = g'^d^gjf^ - g'^df^gj^. (4.9) 

So in contrast to Kahler geometry there are connection coefficients with mixed indices. 
The Riemann tensor is obtained from the connection coefficients according to 

RmN^L = Qm^nL - 9n^mL + ^MR^NL " ^NR^ML^ (4-10) 

and the curvature two-form is related to the Riemann tensor according to 

R^B = ^Rcd^bE'^E^. (4.11) 
Introducing complex coordinates it is not difficult to see that 

R+MN^ L = R+MN^ L = R+MN^ L = 0. (4-12) 

Moreover, 

R+MN^ L = g^^ {9p[n,m]l - 9l[n,m]p) = 0{a'). (4.13) 
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This quantity is subleading since the right hand side is the (2,2) component of dTi 
which is 0{a') after using the Bianchi identity. Therefore we conclude that to leading 
order in a', tr(_R+ A -R+) is of type (2,2). 

Next we present the explicit results for the curvature two- forms and tr(i?+ A i?+) 
and show how to solve the Bianchi identity. We will focus on solutions with N=2 
supersymmetry. 

4.2 N=2 background at 0{a') 

In this case the forms are proportional to anti-self dual (1,1) forms on the K3 base. 
From (14.21) we see that the only non-vanishing components of the spin connection are 

Ql\=e'^{H^,)^^e:dy^, k = 1,2 



=cr b + ^^ b- 



(4.14) 



In this case the curvature two-form computed with respect to the fl^ connection is 
a two-from on K3 explicitly given by 

R W2 ^ (-^^uii )a (-^«)2 ) 

=-V[e^^iH^,)a]-e'^{H^,)ka\, k = 1,2 (4.15) 

where r""}, is the curvature two-form of K3 and V is the covariant derivative with respect 
to the uj'^h connection. Explicitly 

Va% = (ia"b + u\a^b + a^^oJ^. (4. 16) 

A convenient way to compute tr(i?+ A-R-j.) is to use the Chern-Simons formula which 
relates the results for tr(i? A R) computed with two connections F and F according to 

ti{RAR) -tI{R^R) = dQ{V,V), (4.17) 

where 

2 

Q{V, T) = 2a A R - a A da - 2a AT A a + -a A a A a (4.18) 



where a = F — F. Setting 



F", = and F-'^, = 

T\ = ni, and F'"^ = 0, k = l,2. 



(4.19) 
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or in other words choosing 

a% = and a'"^ = -^^{H^,)ije'jy\ (4.20) 

we obtain 

tr(i?+ A i?+) = tr[i?(r) A R{T)] + 2d {e^^{H^:),V[e^^{H^M + e'^{H^^),a\{H^^),] , 

(4.21) 

where 

tr[i?(r) A R{T)] = + r\ + a\a%){Va\ + r\ + a\a\) (4.22) 

This result can be further simphfied by using the Chern-Simons formula again, this 
time with 

f\ = u\ and T\ = u\ + a\. (4.23) 

The result is 

tr[i?(r) A RiV)] = tr(r A r) - 2^d [2(VM) i. dA - i.d{VAf - 8{VAf ^ dA] . (4.24) 

A straightforward but tedious computation then shows 

tr(i?+ A i?+) =tr(r Ar)+Adi<bd (VM) + 

d^,rf[(VV^^ + |i/|2)e^^]+ (4.25) 
2d [{V^e-^^ + \H\^)i.t de'^], 

where 

\H\'' = \H^,\^ + \H^f. (4.26) 

Note that the last two lines in eqn. ( 14.25^ involve the leading order equation of motion 
f l3.17p . Thus we establish that for solutions preserving an N=2 supersymmetry in 
four dimensions tr(i?_,. A i?+) is a (2,2) form with components along the K3 base only. 
Note that this fact is a consequence of having used the fi+ connection to compute 
tr(i?_|_ A -R+). Since tr(i?+ A -R+) has components along the base only the fiber is not 
required to be of 0{a') and can be chosen to be large. 

Next we will use this result and solve the Bianchi identity 

a' 

dn = — [tr(i? A i?) - tr (J^ A T)] (4.27) 

to 0{a'). 
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First we note that the second and third hne on the right hand side of Eq. (14.251) are 
proportional to the dual of dTi and are therefore 0{a'). As a result they contribute to 
the Bianchi identity only to 0(a'^). Keeping all terms up to 0{a') the Bianchi identity 
becomes 

di.bde'^'^ -i.bH^^AH^^+0{a') = j[tr(r A r) - tr(J^ A J^)] + a'ci^b ci(VM). (4.28) 

Here we have allowed a correction to 0{a') on the left hand side. Since the super- 
symmtry transformations receive only corrections at 0(a'^) any corrections to the left 
hand side of eqn. (14.281) have to solve the leading order supersymmetry conditions. Since 
the supersymmtry conditions do not determine A{y) we can redefine the warp factor 
and still obtain a supersymmetric situation. In particular if we define 

g-4A' _ g-4A ^ ^/y2^^ ^4 29) 

and allow the background to receive an 0{a') correction according to 
0h = -2A'iy), 

n = ^bde-^^'^y^ - ^bH^, A E^, - ^bH^, A E^, (4.30) 
dslet = Vf^udx^'dx'' + e-^^'^y^gijdy'dyJ + ^^,^^,1 + E^^E^^ 

supersymmtry will still be preserved. To this order in a' the Bianchi identity becomes 
an equation of Laplace type, namely 

d^bde-^^ -^H^^AH^^ = ^[tr(r Ar) -tr(J^AJ^)]. (4.31) 

Note that we have obtained a linear differential for the dilaton even though the 
Bianchi identity could, in principle, lead to a highly non-linear differential equation. 
This fact depends crucially on choosing the fi+ connection to construct tr(i?_,. A R+). 
There is a preferred set of fields for which this connection is required by space-time 
supersymmetry as shown by Bergshoeff and de Roo [21]. A different choice of connec- 
tion is always possible but it leads to a different choice of fields for which in general 
the supersymmetry transformations will receive corrections at 0{a'). We have found a 
differential equation of Laplace type using the f2+ connection and the solvability of the 
equation is immediate if the integrated equation is satified. Choosing the hermitian 
connection, on the other hand, will lead to a highly non-linear differential equation of 
Monge-Ampere type as shown in refs. [25] [26] . 



20 



In the following we will show that the a' corrected background solves the equations 
of motion presented in section 3.2. First we note that the equation of motion of B is 
satisfied since in the background fl4.30p 



n = -e^^'^d {e-^'^'^E'"^ A E""^) A dx^^^"^ . (4.32) 

The Bianchi identity for Ti is solved by construction. 

To solve the equations of motion for the metric we first establish some properties 
of the Riemann tensor. First, the Ricci tensor of the torsional metric is 

R,, = 4V,9,A' + m,A'd,A' - ^^e''^' H^^aiH^-^ + g^J [2VM' - 8(M')'] , (4.33) 

where (^, j) are indices on the base and Vj involves connections on the base only. Note 
that this derivative is not identical to V^- , which is the covariant derivative constructed 
with respect to the connections on the six-dimensional torsional space. So for example 

Vf = Vi9,-0h - mA'd^A' + ^g^A^^f■ (4.34) 

Up to terms of O(a') the curvature two-form constructed from the f2+ connection 
satisfies 

R+^B = -R+^B + 0(«') (4.35) 

This condition can be derived using the integrability condition of the supersymmetry 
constrain on the gravitino 

[V-M, V- J e = ii?_,,^pQr^Oe = 0, (4.36) 



which implies 

R-MNPQ-J'^'^ = 0. (4.37) 

Moreover, one has 

R-PQMN = R+MNPQ ~ '^^[PT^MNQ] = R+MNPQ + 0{a'), (4.38) 

which implies 

R^PQMNJ'"^ + O{a') = 0. (4.39) 
From here we obtain the following identity 



i?+^P^^i?+/^^ = ^i?+pQ^pi?+^«^^(7,„„ + 0{a') (4.40) 
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where now (m, n) are indices on the K3 base only, while if these indices are along the 
fiber the result vanishes. Also, 



tr(i?+ A R+) = -ii?+pQ^^i2+^«^^ M 1 + 0{a'). (4.41) 

Using the above result for the curvature we can now verify the equation of motion 
for the metric and the dilaton. The only non-trivial component of the Einstein equation 
is the (M, A^) = (m, n) component with both indices along the base. All terms, except 
the ones proportional to the base metric Qmn cancel. The coefficient of Qmn, on the 
other hand, turns out to be the Hodge dual of the Bianchi identity fl4.3ip . as can be 
verified with a bit of patience. As a result the Einstein equation, Bianchi identity and 
equation of motion for B are satisfied. Explicit computation shows that also the dilaton 
equation of motion is solved. 

We end by describing torsional spaces with an N=2 supersymmetry in which the 
twist of the fiber is 'exchanged' by vacuum expectation values of abelian gauge fields. 
This type of solutions were suggested in refs. [27] [28]. In this case the torus fiber is 
not twisted and the background fields are 

ds"^ = Tj^^dx^dx" + e~'^^'^y^gijdy'dy^ + dwl + dwl, 
H = Hde-^^'^y\ 



(4.42) 

I'j'- 

2A'(y), 



= J^iidy'dy^ 



where now an abelian gauge field is included as part of the background and JF is an 
anti-self dual form on K3. This background solves the supersymmetry constraints 
preserving an N=2 supersymmtry. Moreover, it is not difficult to see that the Bianchi 
identity reduces to the differential equation 

+ ^^(V^e-^^ M de'^) (4.43) 

+ ^d{e^^ rfVV^^). 

The computation of tr(i?4. A -R+) for these solutions is greatly simplified since the fiber 
is not twisted. In this case the second and third lines on the right hand side of eqn. 
fl4.43p are again corrections of order 0(a;'^) or higher and can only be consistently 
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taken into account once the supersymmetry transformations are corrected to 0{a'^). 
Therefore to 0{a') the differential equation is again of Laplace type and solvability is 
guaranteed. The form of the 0(a'^) corrections to the supersymmetry transformations 
has been described in ref. [21]. The analysis to 0(a'^) of solutions preserving an N=2 
supersymmetry and the solvability of the Bianchi identity for backgrounds preserving 
an N=l supersymmetry is currently under investigation [30] . 
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A Conventions 

In this appendix, we summarize our conventions and quote some useful formulas. 
We use indices 

M,N, . . . fi,u, . . . . . . ,wi,W2, (A, 5, ... a, a, 6, ... , wi, W2) 

to denote the coordinate (non-coordinate) bases of any six- dimensional space, of four- 
dimensional Minkowski space-time, of the base and of the fiber, respectively. For 
coordinates on the four-dimensional base of the six- dimensional space, we use while 
we denote the fiber coordinates by w,, 2 = 1, 2. 
We define the chirality operators 

r(4) = -^ror^r^r^, r(^') = r, = -^r^r^ (a.i) 

where F'^^^ T^^'\ and F^, are the chirality operators for external space, K3 base and the 
fibre, from which we get 

r(io) =r(4)r(4')r^^ro...p9 ^^2) 

for the lOd space. In type the IIB theory, the lOd spinor e satisfies 

F(i°)£ = -e (A.3) 
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We also choose the orientation 
The Riemann tensor is defined by 

and 

trR AR = R^B A R^B- (A.6) 

We use the notation 

\H\ = —H^-^^abHu}i + —Hw2abHui2 (^-8) 



and 



with e° the vielbein for unwarped K3 base. 

To compute the tri? A R, it is convenient to use the following results 

^ijA k — '^^mn^ 9jky SijS = —SmnS Qjk 

^ijS^k = ^ikS^j, AijS''-' = 

A — ^ c A C c klq 



where Aij are the components of any anti-self-dual two form on the K3 base, and Sij 
are the components of any self-dual two form on the K3 base. 
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